Abstract. We study the phenomenological credibility of a vectorial dark matter, coupled to a Z portal through Chern-Simons interaction. We scrutinize two possibilities of connecting a Z with the Standard Model: (1) through kinetic mixing and (2) from a second ChernSimons interaction. Both scenarios are characterized by suppressed nuclear recoil scatterings, rendering direct detection searches not promising. Indirect detection experiments, on the other hand, furnish complementary limits for TeV scale masses, specially with the CTA. Searches for mono-jet and dileptons signals at the LHC are important to partially probe the kinetic mixing setup. Finally we propose an UV completion of the Chern-Simons Dark Matter framework.
Introduction
The nature of Dark Matter (DM) remains one of the most exciting and puzzling mysteries of science [1] [2] [3] [4] [5] till date. In the context of particle physics it is often assumed that one particle species can account for the entire DM abundance, which is ∼ 27% of the budget of the Universe as indicated by PLANCK [6] . Such a sizable amount of hitherto undetected matter has diverse and intricate consequences for various ongoing and near future direct and indirect DM detection experiments [7] [8] [9] [10] [11] [12] [13] [14] [15] [16] [17] [18] [19] [20] .
The absence of conclusive signals of new physics beyond the Standard Model (SM) concerning the DM leaves a handful of open debate, e.g., what are the particle characteristics of the DM or how they are interacting with the SM particles. A popular solution for the DM puzzle is represented by the Weakly Interacting Massive Particles (WIMPs). In the simplest realization these new particle states, typically scalars or fermions, assumed to be singlet under the SM gauge group, feature interactions with the SM states mediated by the Z or the SM-Higgs boson. Similar theoretical frameworks have also been addressed considering a vectorial DM [21] [22] [23] [24] [25] [26] [27] [28] [29] [30] [31] [32] [33] . Unfortunately, such simple models, except for a very few exceptions, are critically challenged by the existing and expected upcoming DM searches from the direct, indirect and collider probes. A detailed overview of these frameworks are addressed recently in ref. [34] (see also ref. [35] ).
Considering apparent limitations of these simplest realizations, as extensively addressed in ref. [34] , a natural extension of the above setup is provided by the so called "simplified models" (see ref. [36] ) in which the SM mediators are replaced by a new "dark mediator", of various spin assignations. This dark mediator can be connected to the SM particles by various ways and hence, relates the otherwise secluded DM to the SM particles. However, to ensure elucidate predictions, it is nevertheless necessary to investigate theoretical competence of these simplified setups [37] [38] [39] [40] [41] , i.e., for example, whether they have consistent unitarity behaviours, reasonable Ultra-Violet (UV) completion and how they can be embedded into unified theory frameworks.
The case of spin-1 mediators, among these setups, perhaps deserves serious attentions as phenomenological study of these frameworks reveals intricate complementary aspects of DM searches with relevant collider observations (see ref. [34] for a thorough discussion). An intriguing origin of such spin-1 mediator(s) can arise as gauge boson(s) of some beyond the SM (BSM) gauge group(s), Abelian or non-Abelian, that simultaneously assigns non-zero gauge charge(s) also for the DM candidate. A spin-1 mediator, maintaining gauge invariance and renormalizability, can couple to the SM Electro-Weak (EW) gauge boson, and thus, subsequently to other SM particles, in a few different ways, 1 e.g., via a kinetic mixing 2 [42] [43] [44] [45] or using a Chern-Simons (CS) interaction [46] [47] [48] [49] . The former can either appear naturally in Lagrangian preserving the gauge invariance and renormalizability of the SM [42, 44, 45] or can get generated after integrating out the heavy fermionic degrees of freedom [42, 43] charged under both the SM and BSM gauge groups. The latter can also arise in an analogous way after integrating out such heavy degrees of freedom, as extensively studied in ref. [50] . The presence of these new fermionic degrees of freedom, if chiral under some representations, introduces new challenges to construct an anomaly free model framework. 3 This goal is customarily achieved by arranging anomaly cancellation in the chiral sectors of the theory, by assigning specific couplings/charges for the involved particle species, e.g., by considering distinct couplings between the SM chiral fermions, and possibly also the DM, with the BSM spin-1 mediator as discussed in ref. [51] in the context of unified theories. Some classes of anomalies, like the triangle ones involving Abelian, non-Abelian or a mixture of the two gauge groups can, alternatively be cured through the Green-Schwarz mechanism [52, 53] .
In this work we aim to study phenomenological viability of models, consisting of a vectorial DM candidate connected to the SM particles via a Z -portal [37, 38, [54] [55] [56] [57] [58] [59] [60] [61] [62] [63] [64] [65] [66] [67] [68] [69] [69] [70] [71] [72] [73] . We consider specific frameworks that are inspired by Green-Schwarz mechanism (see also refs. [46, 48] ), i.e., the connection between the DM and the Z is mediated by a CS interaction. When considering theoretical arguments to account for the DM stability, for example an extended gauge structure, a vectorial DM candidate appears naturally and can be identified as the cosmologically stable gauge boson of a new BSM symmetry group provided that this gauge boson is the lightest state charged under this extra symmetry group while the Z can arise from another BSM Abelian or non-Abelian gauge groups. CS interactions with O(1) couplings are possible by considering heavy chiral fermionic content charged under these extra gauge symmetry groups in an anomaly-free setup. This represents an intriguing possibility for DM phenomenology as both the DM candidate and its coupling to the Z mediator would be a consequence of some extended gauge structure. Confining within the framework of Abelian theory, we will explore two possibilities of how a Z can coordinate with the SM. These examples, as already mentioned, consider: (1) gauge invariant renormalizable kinetic mixing between the field strength of Z with B µν , the SM hypercharge field strength and, (2) a second CS interaction involving Z µ and the SM hypercharge vector B µ . For both these scenarios we extensively investigate the impact of measured relic density [6] as well as the existing and anticipated sensitivity reaches from Direct Detection (DD) and Indirect Detection (ID) experiments on the associated model parameter spaces. In this setup we consider the vectorial DM candidate as a typical WIMP in a ΛCDM cosmology [6, 74] and we further assume that the so called "small scale controversies" [75] [76] [77] [78] [79] to be unrelated and independent of the DM nature and properties. 4 We also explore relevant theoretical constraints like EW Precision Tests (EWPTs), UV completion etc. for these setups. Finally, for completeness, we also discuss the possible pertinent collider aspects of such models, e.g., invisible Z-decay width, mono-X, dijets, dilepton searches, etc.
The paper is organized as follows: in the next two sections we will study phenomenologies of the two aforesaid scenarios relying on the low-energy effective Lagrangians without specifying theoretical issues like UV completion etc. Section 4 will be dedicated for this task where we will address the generation of a CS coupling as well as a kinetic mixing in a UV complete setup. We will present the summary of our analyses and put our concluding remarks in section 5. Some useful formulae like detail constructions of an anomaly free model are relegated to the appendices.
Scenario-I: Z -Z interaction via kinetic mixing
In this section we study the aforesaid type-I scenario when the "dark sector", comprised of a vectorial DM X µ and a spin-1 vector boson V µ , is "secluded" from the visible sector, i.e., there exists no direct coupling between this dark sector and the SM fermions. 5 These X µ and V µ , for example, can appear as the gauge bosons of some BSM U (1) X and U (1) V groups and we consider a CS interaction to connect them together. As already discussed, a bridge between the dark sector and the SM now appears via a kinetic mixing of V µν and B µν , the field strengths associated with BSM U (1) V and the SM U (1) Y gauge group, respectively. A similar kinetic mixing between X µν and B µν , being renormalizable and allowed by the SM gauge invariance, should also be included in a general Lagrangian. However, we do not consider this possibility for the stability of the DM and postpone further discussion in this direction till section 4.
The relevant phenomenology of the said model can be described by the following lowenergy effective Lagrangian:
here δ is the kinetic mixing parameter and α CS represents the effective coupling of CS operator. X µν gives the field strength of U (1) X group and m V , m X represent mass terms of the mediator and the DM. Thus, one gets a set of four free inputs, namely, δ, α CS , m V and m X whose ranges will be tested subsequently imposing a series of theoretical and experimental constraints. The presence of kinetic mixing in eq. (2.1) implies non-canonical kinetic term for B µν and also for V µν . In order to generate diagonal kinetic terms in the physical or mass basis one should invoke three different rotations [85] [86] [87] [88] . The first rotation, involving then angle δ, takes B µ , V µ to a basis (say B int µ , V int µ ) with diagonal kinetic terms. The second rotation, after EW symmetry breaking (EWSB), via angle θ W , takes this B int µ together with W 3 µ to the intermediate A µ , Z int µ basis. Finally, the third rotation through another angle φ, leaving the massless photon aside, takes Z int µ , V int µ to the Z µ , Z µ basis where Z µ , Z µ are associated with the physical Z and Z boson. In summary, the initial B µ , W 3 µ , V µ basis can be related to the physical A µ , Z µ , Z µ basis in the following way:
where t δ , c δ , c W , s W , s φ , c φ ≡ tan δ, cos δ, cos θ W , sin θ W , sin φ, cos φ with:
here s δ ≡ sin δ. The quantities θ W , m Z do not represent the measured values of Weinberg angle and Z-boson mass [89] but are related to them as will be explained later. These quantities are obtained after the SM EWSB using a rotated B µ field (a basis where offdiagonal mixing term of eq. (2.1) between B µ and V µ vanishes) and the W 3 µ field of the SM. The masses of Z and Z are written as:
which gives m Z m Z in the experimentally favoured limit δ 1, along with m Z m V . Notice that the transformation used in eq. (2.2) is valid only if one of these two conditions is met:
One should note that the transformation of eq. (2.2) does not change the photon coupling [85] , implying the following identity: 
with the experimental measured value given by ρ − 1 = 4 +8 −4 × 10 −4 [89] . Further, from the EWPT one can consider a simple and conservative limit on δ as [86, [90] [91] [92] :
It is now apparent that one can use eq. (2.6), eq. (2.7) and eq. (2.8) to discard experimentally disfavoured values of the kinetic mixing parameter δ. Further constraints on δ can emerge from various other experimental observations. The mixing among B µ , W 3 µ and V µ (see eq. (2.2)), couples the SM fermions and the DM with the Z boson. The latter coupling implies an enhancement of the invisible Z decay width for 2m X < m Z . Hence, the parameter δ, along with m V , will receive constraints from a plethora of different collider searches [89] and a few others. The dijets and mono-X searches also restrict the parameters α CS , m X . Finally, the DM phenomenology, i.e., the correct relic density, DD and ID results will also put limits on the parameters δ, α CS , m V and m X . We note in passing that for numerical analyses we have traded the parameter m V with the physical mass m Z using eq. (2.4).
In the mass basis, the Lagrangian relevant for our subsequent analysis is given by: 10) where g Y is the gauge coupling of U (1) Y , I z is the 3 rd component of the weak isospin, Y L,R are hypercharge of the left-and right-chiral fermions, g W is the SU (2) L gauge coupling.
11) 12) here v h is the vacuum expectation value (VEV) of the SM-Higgs doublet and a factor '2' appears in ZZh, Z Z h vertices due to the presence of identical particles. For the α CS 13) for subsequent relevant analytical formulae like DM pair annihilation cross-section etc. Once again the factor '2' appears due to identical particles. Lastly
(2.14)
With these analytical expressions now we will discuss the DM phenomenology of this framework in the next subsection.
Dark Matter Phenomenology
In this subsection we discuss the DM phenomenology in the light of various constraints coming from the requirement of correct relic density and consistency with the existing and/or upcoming DD and ID results. The DM is produced in the early Universe according to the WIMP paradigm. We will subsequently discuss how these observations can affect the accessibility of the chosen set-up at the present or in the near future DM detection experiments, assuming projected search sensitivities. Nevertheless, for the sake of completeness, we will also qualitatively discuss the complementary limits arising from the EWPT, collider searches, etc. We start our discussion in the context of accommodating correct relic density and successively will address the restrictions coming from direct and indirect DM searches.
Relic density
It is well known that according to the WIMP paradigm a single particle species can account for the correct DM relic density Ω X h 2 ∝ 1/ σv , where σv represents the thermally averaged DM pair annihilation cross-section into the SM states. The experimentally hinted value Ω X h 2 ≈ 0.12 [6] predicts σv , ∼ O (10 −26 cm 3 s −1 ).
In the chosen framework (see Section 2), the DM pair can annihilate into the SM fermions (f f ) and W + W − , as well as in Zh and Z h final states, through s-channel exchange of the Z/Z boson, and into ZZ, ZZ and Z Z final states, through t-channel exchange of a DM state. Approximate analytical expressions of the corresponding annihilation cross-sections are obtained through the expansion σv 110] , T being the temperature. We remind, however, that the aforesaid approximation is not reliable over the entire parameter space [111] , e.g., the pole regions m X ∼ m Z, Z 2 . Hence, all results presented in this article are obtained through full numerical computations using the package
• XX → Z Z :
As evident from the above expressions that annihilation channels originated by s-channel exchange of the Z/Z feature a suppressed annihilation cross-section, at least p-wave or even d-wave in the cases of W + W − and f f final states (see eq. (2.16) and eq. (2.15)). For the latter a p-wave contribution is also present but it is helicity suppressed. The t-channel induced annihilations feature, instead, a s-wave cross-section. The cross-section into ZZ pairs (see eq. (2.19)) is anyway suppressed by an higher power of the kinetic mixing parameter δ, with respect to the other annihilation channels.
The DM pair annihilation cross-section, as depicted in figure 1 , typically lies much below the thermally favoured value, i.e., 10 −26 cm 3 s −1 , ad exception of the pole regions m X ∼ m Z /2, m Z /2, or DM masses above several hundreds of GeV so that at least annihilations into ZZ final state appears kinematically accessible.
Indirect detection
Residual annihilation processes of the DM at the present times could be efficient enough so that they might be detected by the Earth based telescopes or satellites. The absence of definite signals till date are translated into upper bounds on σv as a function of the DM mass. At the moment, the strongest limits come from searches of the gamma-rays produced in the DM annihilations. For DM masses below a few hundred GeVs, these limits are set by the FERMI satellite [117] and exclude the thermally favoured values of σv for m X < 100 GeV. For higher values of m X the best sensitivity is achieved by HESS [118] which has put a limit σv 10 −25 cm 3 s −1 for m X ∼ 1 TeV, considering a Einasto density profile for the DM. As shown earlier while discussing the relic density that most of the DM annihilation processes have a p-wave (or even d-wave) annihilation cross-section, i.e., they are velocity dependent. As a consequence the DM annihilation at present times is suppressed by several orders of magnitude with respect to its value at the thermal freeze-out and thus, limits from DM ID are actually not effective. ID can probe the WIMP paradigm for the DM relic density only when the latter is mostly determined by processes with an s-wave (i.e., velocity independent) annihilation cross-section. In our setup this requirement is fulfilled by annihilation into Z Z and Z Z states (see eq. (2.21) and eq. (2.20) ). The other s-wave dominated annihilation into ZZ final state (see eq. (2.19)), as already addressed, is insignificant as it is suppressed by the fourth power of kinetic mixing parameter δ.
We have thus compared the DM annihilation cross-section into Z Z and Z Z final states with the limits derived from combined analysis of the MAGIC and FERMI-LAT observations (abbreviated as FERMI-MAGIC) of the dwarf spheroidal galaxies (dSphs) [119] . We also consider limits from 10 years of observations towards the inner galactic halo by HESS [120] . In the absence of a dedicated analysis for the considered final states we have applied the limit for gamma-rays originating from W + W − pairs. This choice is reasonable since the Z decays efficiently into hadrons as the SM gauge bosons. Any mild change in the limits as a result of this assumption is beyond the scope of our current work.
Our results are reported in figure 1 concerning changes of the DM pair annihilation crosssection at thermal freeze-out with the DM mass m X , for specific assignations of the other relevant inputs, detailed in the figure caption. As evident from this figure that the impact of ID limits from FERMI-MAGIC (magenta coloured region) and HESS (blue coloured region) appears to be rather limited. This can be understood by looking at this simple analytical estimate for σv Z Z : 22) which shows that a value of the cross-section equal or bigger than the thermal expectation i.e., ∼ O(10 −26 cm 3 s −1 ), can be achieved only for masses of the Z not exceeding a few hundreds of GeV and/or α CS ∼ 0.5. Such value of α CS , however, is somewhat extreme since this coupling is expected to have a radiative origin as will be discussed later. The impact of possible limits from ID will be anyway increased in the near future by Cherenkov Telescope Array a.k.a. CTA [121] [122] [123] [124] [125] [126] which we have reported (purple coloured region) in figure 1 , assuming a projected limits from 500 h of observation towards the galactic center.
Direct detection
DD experiments aim at measuring the recoil energy released by an atomic nuclei upon a scattering process with a DM state. Several experiments have performed searches for DM scattering off nuclei reaching, in the last year, an impressive sensitivity. In particular, in the case of Spin Independent (SI) interactions of the DM with nuclei, a cross-section ∼ O(10 −46 cm 2 ), for DM mass of 50 GeV, has been excluded by the LUX [127] and PandaX [128] . These experiments play also a leading role in constraining the Spin Dependent (SD) interactions. In this case the maximal sensitivity is achieved for DM mass of 40 GeV which corresponds to a value ∼ 10 −41 cm 2 of the DM-nucleon scattering cross-section [129] . In the chosen setup (see eq. (2.1)), scattering of the DM with nucleons is originated, at the microscopic level, by an interaction between the DM and the SM quarks mediated via t-channel exchange of the Z/Z boson. An interaction of this kind, in the non-relativistic limit, is described by the following effective operator [113] :
where
, which corresponds to a SD interaction with squared amplitude: 24) with m N denoting the mass of a nucleon N = p, n while ∆ N q represents the contribution of the quark q to the spin of the nucleon N . The SD scattering cross-section can be straightforwardly derived, taking into account the multiple isotopes present in the detector material as: 25) where
is the reduced mass for the DM-proton system and
Here S A p,n represents the contribution of protons and neutrons to the spin of a nucleus with atomic number A while η A represents the relative abundance of a given isotope of the element constituting the target material. Notice that the result is almost independent of the DM mass since the only dependence through µ Xp will vanish for m X m p giving µ Xp ∼ m p . A simple estimate of σ SD Xp can be performed assuming δ, α CS 1 as:
which gives values of σ SD Xp well below the current maximal sensitivity (10 −41 cm 2 ), and remains also beyond the reach of next generation detectors for the chosen set of parameter values, consistent with other existing constraints.
Collider phenomenology
Phenomenological models, where the DM candidate interacts with the SM fields through a spin-1 mediator typically posses a rich collider phenomenology. In the case when on-shell production of a Z is kinematically accessible in proton-proton collision, detectable signals can appear from the decays of Z into SM fermions, showing a new resonance in the invariant mass distribution of dijets [96] [97] [98] [99] or dileptons [93] [94] [95] as well as from possible decay of a Z into DM pairs which can be probed through mono-X searches (X= hadronic jets, photon, weak gauge bosons, SM-Higgs) [100-108] accompanied by moderate/large missing transverse energy/momentum. Interestingly, the relative relevance of these two kinds of searches, i.e., resonances and mono-X events, is mainly set by the invisible decay branching fraction (Br) of the Z which, in turn, is constrained by the DM observables that primarily appears from the requirement of correct relic density for the chosen framework.
The impact of experimental limits from resonance searches is depicted in figure 2 where, for simplicity, we consider 2m X > m Z to forbid Z → DM pairs process. For these analyses we consider all possible quark flavours including top for m Z > 2m t regime while l = e and µ only. Here we have compared the results of numerical simulations for the chosen setup with the experimental ones including 1σ, 2σ variations of the production cross-sections as observed In the presence of a non-zero and sizable invisible branching fraction for Z , i.e., Br(Z → DM pairs), the production cross-sections of dijets/dileptons get suppressed by the enhanced decay width of Z . In such a scenario, the cross-section corresponding to mono-X signals might become sizable, possibly providing complementary constraints. We preserve the discussion of such complementary signals for the next subsection.
Results
In this subsection we report the impact of various constraints, as mentioned in the previous subsections, on the parameter space of the model. As already pointed out the effect of DD and ID constraints on our model framework is substantially negligible. Concerning the DM phenomenology, the only relevant constraint comes from the requirement of the correct relic density. We have then conducted a more extensive analysis, with respect to the one presented 6 Holds true for a resonant production with no/suppressed invisible decay of Z . in figure 1 by performing a scan over the four free input parameters in the following ranges: 27 ) and retaining the model points featuring the correct DM relic density 7 and respecting, at the same time, constraints from the EWPT, SM ρ-parameter measurement as well as reproducing experimentally viable mass and width for the Z-boson. The ensemble of points respecting these aforementioned constraints has been reported in figure 3, in the m X -m Z bi-dimensional plane with a colour code showing variations in α CS values.
As evident from figure 3, in agreement with the general discussion of sub-subsection 2.1.1, that the correct relic density can be achieved either in the "pole" region m X ∼ m Z 2 or for m X m Z , when the process XX → Z Z is kinematically allowed. 8 We have successively examined the impact of collider constraints on our construction in figure 4. For a better and elucidate illustration of our findings, we have considered three fixed assignations of δ, namely 0.001, 0.01 and 0.1 and the same for α CS , 0.01, 0.1 and 0.5 keeping m X and m Z as the two free varying input parameters. The relevant results are reported in the three panels of figure 4 corresponding to the three different values of δ, namely 0.1 (left), 0.01 (middle) and 0.001 (right) where isocontours of the correct DM relic density are shown for 7 We consider points corresponding to ΩX h 2 = 0.12 ± 10% variation. 8 As can be noticed from the analytical expression (see eq. (2.20)) that the annihilation cross-section into Z Z increases with the DM mass. This is somewhat an unreasonable behavior possibly leading to the violation of unitarity (see, for example, refs. [37, 38, 51, 130, 131] ). We emphasize here that the studied phenomenological Lagrangian is actually the low-energy effective theory limit of a more complete framework. Thus, violation of unitarity for some assignations of the model parameters would simply imply that for those parameter values the effective field theory limit is invalid and hence, additional degrees of freedom should be included to develop a UV complete theory. We have verified that possible consequence of the unitarity violation would affect the thermal DM region only when αCS O(1). The results of our findings as reported in figure 4 are instead not affected by this limit as we have considered lower values of αCS parameter. the three assignations of α CS parameter using three different representations (purple coloured dot-dashed line for α CS = 0.01, solid red coloured line for α CS = 0.1 and magenta coloured dashed line for α CS = 0.5). These isocontours have been compared with the limits from dilepton resonances and mono-jet searches. The former is evaluated in a similar fashion as of figure 2 by computing the associated cross-section, as a function of the input parameters δ, α CS , m X and m Z using the package MadGraph5_aMC@NLO [132] and compared with the relevant experimental observations. Contrary to what we did earlier, now we have also accounted for the possibility of a sizable invisible branching fraction of Z by suitably rescaling the experimental limit according to the procedure illustrated in ref. [54] . As evidenced from the left panel of figure 4 that the previously quoted limit of approximately 2 TeV (see figure 2, right panel plot) for δ = 0.1 is actually effective only when m Z < 2m X . When decay of a Z into DM pairs is kinematically accessible, i.e., m Z > 2m X , and α CS O(1), the lower limit on m Z can be reduced even to a few hundreds of GeV. The mono-jet limits have been derived by evaluating the production cross-section times the detector efficiency and acceptance in the selection of the final state by generating and analyzing events, corresponding to the process pp → XXj, through the combination of MadGraph5_aMC@NLO [132] (matrix element calculation) PYTHIA 8 [133] (event generation and hadronization) and DELPHES 3 (fast detector simulations) [134] . The selection acceptance for the generated events has been determined by imposing a minimal value of 500 GeV for the missing transverse energy. The mono-jet limits have been determined by imposing an upper bound of ∼ 6 fb on the product of production cross-section, signal acceptance and the detection efficiency [98] Our procedure has been validated by reproducing the excluded region for the benchmark model adopted in ref. [98] .
It is apparent from figure 4 that both kinds of the collider limits, i.e., dileptons and monojet, are essentially effective for large and moderate values of δ, i.e., significant for δ = 0.1 (left panel) and moderate for δ = 0.01 (middle panel). These behaviours, as already stated, are expected since the parameter δ determines the production vertex of a Z as well as its decay rate into the SM fermions. Hence, collider production cross-section suppresses very fast as the kinetic mixing parameter decreases. On the contrary, the requirement of the correct relic density is more moderately affected by the decrease in the value of the kinetic mixing parameter. This happens because the correct relic density is achieved mostly through the annihilation into Z Z final states, whose rate does not depend on δ, or in the "pole" region, where variations of the couplings can be compensated by slight changes of |2m X − m Z |.
Among the different collider constraints the most effective ones are the ones which emerge from searches of dilepton resonances, even if the invisible decay channel for a Z is taken into account. Using the invariant mass distribution of the heavy dilepton resonance, peaked at the Z mass, one can discriminate the signal from the background nicely and for this reason the dilepton channel is considered to be a very good probe for these kinds of models.
As evidenced from the left and middle plots of figure 4 that these searches exclude most of the viable thermal DM region, leaving just a small portion of the parameter space around the Z pole region. On the contrary, the impact of the mono-jet constraints is much more moderate and exists only for the light DM masses. The collider constraints, as already discussed, disappear very fast as the value of the kinetic mixing parameter δ decreases. For δ = 0.01, (middle panel of figure 4 ), compared to the δ = 0.1 scenario, a much smaller portion of the parameter space remains excluded from the dileptons and mono-jet constraints. All the collider constraints disappear for δ = 0.001 (right panel of figure 4 ) where the only constraint on the model parameter space comes from the requirement of the correct DM relic density.
Scenario-II: Z -Z interaction via a second Chern-Simons term
In this section, just like section 2, we consider a CS term to connect a vectorial DM with a Z . However, unlike section 2 the coupling between the Z mediator and the neutral EW gauge bosons arises via a second independent CS term. Being guided by our previous approach, we will address the phenomenological implications of this setup as the result of a numerical scan over the free inputs after a brief illustration of the model followed by concise discussions on the constraints of correct relic density and different DM searches.
The Lagrangian
The Lagrangian describing the low-energy phenomenology of the aforementioned setup can be written as:
where α CS and β CS are the XXZ and ZZZ , ZγZ coupling constants, respectively. B ρσ denotes the field strength of the SM hypercharge gauge field. The origin of the coupling α CS is the same as of section 2 which will be discussed later in appendix B. The second CS coupling β CS is non-invariant under the SM gauge group transformation. Nevertheless, as pointed out in ref. [48] , it could be generated by considering the following gauge invariant effective operator obtained after integrating out some heavy degrees of freedom:
where It is thus apparent that in general a hierarchy between the values of two CS couplings is rather natural as they have two different theory origins. In our analysis we, however, also consider the possibility of α CS = β CS .
Relic density
In the case of double CS terms, unlike the kinetic mixing scenario, the number of accessible DM pair annihilation channels is limited just to three options, i.e., Zγ, ZZ and Z Z . The first two are induced by s-channel exchange of the Z while the third one is induced by t/u channel exchange of a DM state. Simple analytical approximations of the corresponding DM pair annihilation cross-sections can be derived, as usual, through the customary velocity expansion:
• XX → Zγ :
• XX → ZZ :
The behavior of the DM pair annihilation cross-section, as function of its mass, is reported in figure 5 . Similar to the scenario discussed in section 2, the DM pair annihilation cross-sections are typically velocity suppressed except the s-wave annihilation channel into Z Z final states. As evidenced from figure 5 that value of the thermally averaged DM pair annihilation cross-section can match the experimentally favoured value only at m X ∼ m Z 2 , (i.e., pole region), and for m X > m Z , so that the DM pair annihilation into Z pairs is allowed. Furthermore, to avoid overproduction of the DM, α CS values at least ∼ O(0.1) are needed. 
Indirect detection
Possible prospects of ID rely, as the kinetic mixing scenario, mostly on the detection of gamma-rays produced after the DM pair annihilation into Z pairs which subsequently decay into hadrons. Indeed the other two annihilation channels, i.e., ZZ and Zγ have p-wave (velocity dependent) annihilation cross-sections lying several orders of magnitude below the present and the near future experimental sensitivities [135] [136] [137] [138] [139] [140] [141] [142] [143] [144] [145] [146] [147] [148] . That said, similar to the previous case, we assumed that the annihilations into Z pairs lead to a gamma-ray yield comparable to the W + W − final state. Therefore, one can use CTA sensitivity to DM annihilations into the W + W − channel to constrain the model as can be seen in figure 5 . It is clear that only CTA is expected to mildly probe this setup for DM masses above 1 TeV.
Direct detection
In the case of double CS interactions, the Z has no direct/tree-level couplings with the SMquarks (or the gluons) and hence, no operators relevant for DD is induced at the tree-level.
Collider phenomenology
In the scenario with double CS interactions, the Z is directly coupled only with the Zboson and the photon. Tree level production of the Z at the LHC, nevertheless, is possible through vector boson fusion (VBF) in association with two hadronic jets. The production cross-section, however, is more suppressed compared to the case of a single CS interaction with kinetic mixing (see section 2) which has direct couplings with quarks at the tree level. 9 We have reported in figure 6 the expected Z production cross-section at the LHC for 13 TeV centre-of-mass energy as a function of the mass of Z (m Z ) for three values of parameter β CS = 0.5, 0.1 and 0.01, depicted with solid red coloured line, dashed blue coloured line and dot-dashed orange coloured line, respectively. The cross-section has been computed using the procedure illustrated in ref. [152] where discovery prospects of a Z , produced via Z-fusion and decaying to four leptons final states, i.e., Z → ZZ → 4l, have been investigated. These kinds of signals could be probed at the LHC with 14 TeV centre-of-mass energy provided that σ(pp → Z ) 1 pb. It is now apparent from figure 6 that a future Z discovery would appear feasible only for β CS 0.5 with m Z 1 TeV. For lower values of β CS the production crosssection, goes as β 2 CS , would appear very suppressed to escape detection at the LHC unless (possibly) one considers higher luminosity. One should, however, remain careful about ∼ O(1) value of the parameter β CS as this would indicate a scale for the associated heavy fermion mass M (see discussions after eq. (3.2)) well within the reach of ongoing LHC operation where, unfortunately, no evidence of BSM physics has been confirmed till date.
Notice that in the above discussion we have implicitly assumed that invisible decay of the Z is kinematically forbidden, i.e., 2 m X > m Z . If this was not the case, the production cross-section of 4l + 2j final states would be suppressed further by the non-zero invisible branching fraction of the Z . On the other hand, a sizable invisible branching fraction for Z might offer meaningful detection prospects for pp → Z → XX + 2j process. Investigation of such signature would require a dedicated study which is beyond the scope of this work.
Results
Similar to the first model considered in this work, we perform a scan in the parameter space over α CS , β CS , m Z and m X and represent our findings in figure 7 showing the phenomenologically viable model points. One should note that, contrary to the kinetic mixing scenario, the absence of tree-level Z couplings with the SM fermions appears useful to efface a set of constraints coming from the precision Z-physics and collider observations. The scan is performed in the following ranges:
As expected, the left panel of figure 7 , representing the viable model points in the bi-dimensional plane (m X , m Z ), shows, similar to the kinetic mixing scenario, a sensitive preference for configurations with m X > m Z , for which the correct relic density can be more easily achieved through the velocity unsuppressed annihilation rate into Z pairs. This is further evidenced by the right panel of figure 7 , investigating the bi-dimensional plane (α CS , β CS ) for a fixed m Z . Indeed, most of the points approximately trace isocontours with a shape independent of β CS , unless this coupling is much bigger than α CS . This behavior would be exactly expected in the case when the DM relic density is mostly accounted by the annihilation into the Z Z final state since the corresponding rate depends only on α CS (see eq. (3.5)). One must note that the demand of β CS α CS is theoretically challenging since normally one would expect β CS < α CS as already discussed in the context of eq. (3.2).
It is curious to note the apparent conflicts among the DM detection prospects in DD, ID and collider experiments with Z searches at the collider and theoretical consistency of the studied framework. For example, from figure 6 it is evident that a Z discovery at the LHC with 13 TeV centre-of-mass energy would require β CS ∼ O(1) and m Z 1 TeV. Such high value of β CS , as already mentioned, is hard to accommodate phenomenologically. Pushing β CS towards its natural regime, i.e., ∼ O(10 −4 ), on the other hand, would predict a α CS ∼ O[10 − 10 4 ] to retain some of the viable points, notably for log 10 (α CS β CS ) −3, as shown in the left plot of figure 7 to respect the DD, ID and relic density constraints. Now keeping in mind the radiative origin of α CS , as explained in the appendix B, such high values of α CS would require either a pathologically behaved strongly coupled theory or unnatural high values for the associated charges. Lower and rather natural α CS values, e.g., ∼ 10 −3 , can ameliorate such theoretical shortcomings and one can still get viable points consistent with the DM observables in the region of log 10 (α CS β CS ) −5. The associated low β CS values, however, failed to produce detectable Z signals at the LHC as already shown in figure 6 . Similar contradictions also appear for the right plot of figure 7 which, keeping in mind the collider detection prospect of a Z , predicts 0.01 α CS 0.3 for m Z = 200 GeV. This range of the parameter α CS once again either requires moderate values of the involved charges or asks for a strongly coupled model frameworks. In a nutshell, keeping in mind the detection possibilities of the BSM physics, either in DM or in collider searches, together with an elegant theoretical construction, the scenario with two CS interactions is less appealing compared to a scenario with one CS interaction and a kinetic mixing. Such simple conclusion, however, is not obvious when a scenario with two CS interactions involves non-Abelian gauge groups.
Origin of a Chern-Simons coupling and UV completion
In this section we propose a UV complete model that can address the origin of CS and kinetic mixing terms. The generation of a generalized CS interaction term between the gauge boson of a BSM U (1) group and the SM gauge bosons has already been proposed in refs. [46, 50, 149] . The effective CS coupling is originated from the triangle loops involving BSM heavy fermions, charged under both the SM U (1) Y and a BSM U (1) symmetry groups, after integrating out the heavy degrees of freedom. In this work we consider a similar construction where a CS interaction term is generated between the gauge bosons of two new BSM symmetry groups labeled as U (1) X (associated to the DM) and U (1) V (associated with V µ ), respectively. 10 Concerning the origin of kinetic mixing, in the most general scenario, i.e., when the new BSM fermions are charged 11 under the BSM gauge groups U (1) X , U (1) V as well as with respect to U (1) Y of the SM, one can radiatively generate three possible kinetic mixing terms like X µν V µν , X µν B µν and V µν B µν with 12 appropriate field strengths of the involved Abelian groups. The co-efficients for these terms emerge as a result of integrating out the aforesaid heavy BSM fermionic degrees of freedom and also include associated gauge charges. One should remain careful at this stage as a kinetic mixing like X µν B µν triggers a mixing between the DM X µ and Z µ which would subsequently allow the DM to decay into the SM fermions and thereby, spoiling its stability. A similar situation can also appear for X µν V µν , given that V µ is somehow, e.g., via a second kinetic mixing V µν B µν , decaying into the SM particles. It is thus important to assign gauge charges for the BSM fermions in an elegant way such that the stability of the DM remains preserved.
We denote new BSM fermions as χ (ψ), chiral with respect to U (1) X (U (1) V ) while vector like compared to U (1) V (U (1) X ) as well as to the SM [149] . This way no new chiral anomalies are introduced in the SM while one can find suitable charge assignments for these BSM fermions to efface new anomalies. Regarding the mass generation of these new fermions the most plausible option is represented via Yukawa interactions with two BSM complex scalar fields φ X,V . The relevant Lagrangian is written as:
where y F represents generic Yukawa couplings. 13 The complex scalar fields φ X , φ V can be written using the following parametrization as:
2)
10 For the convenience of reading note that in scenario-I, Vµ denotes the gauge field of U (1)V which, after diagonalization of the flavour basis Lagrangian, is written as Z µ while in scenario-II the kinetic and mass terms are already diagonalized and hence, Vµ = Z µ .
11 One could expect the BSM fermions to have an impact on the DM decoupling process from the SM thermal bath, however, since the freeze out occurs only when the DM particles are non-relativistic, the BSM fermions would have already decoupled and their density would be exponentially suppressed due to Boltzmann factor.
12 Such terms, being Lorentz invariant, renormalizable and invariant under the SM gauge groups, can directly appear in Lagrangian. We, however, do not consider such possibility and confine our discussion on scenarios where such interactions are radiatively generated. 13 We, without the loss of generality, consider identical Yukawa couplings for all the BSM fermions for simplicity since the final results are independent of them. with v X , v V and h X , h V denoting the corresponding VEVs and the Higgs fields. Here θ X , θ V are Stueckelberg axions [153] [154] [155] . Investigating the kinetic terms for these scalars with suitable BSM covariant derivatives, one gets, for example, for φ X :
with g X as the gauge coupling of the U (1) X gauge group and q X as the charge of φ X with respect to this group. The DM mass thus, is generated via the Stueckelberg mechanism [153] [154] [155] . The masses for the new BSM fermions, χ 1 , χ 2 , are also generated after the spontaneous symmetry breaking (SSB) in the U (1) X sector. In fact, after SSB one ends up with the following tree-level realizations for various masses:
where λ X is the quartic coupling of the φ X potential and the notation m F is used to represent generic BSM fermion masses. A similar construction holds for U (1) V with λ V , g V , q V , m h V and m V as the appropriate replacements. We further consider the following hierarchy among the various couplings:
Hence, at an energy scale E ∼ m F m h X , m h V , the new scalars h X , h V are nearly decoupled from the theory given that v X , v V are reasonably high. In this limit one can use the following approximations φ X v X e iθ X /v X v X + iθ X and φ V v V e iθ V /v V v V + iθ V which help to recast eq. (4.1) as:
The structure of Yukawa couplings of the new fermions, as well as the requirement of anomaly cancellations, restrict the possible charge assignments under the BSM U (1) groups. A set of assignations complying with these two requirements is reported in table 1. As evident from table 1 that this kind of charge assignations allows natural cancellations of the U (1) 3 V,X anomalies, independently for the ψ and χ sectors, irrespective of the values of q i , e i charges. 14 The cancellation of the mixed anomalies, e.g., U (1) V U (1) 2 X , is instead achieved in a non-trivial way. This, indeed, requires the following relation between the charges:
.
(4.6)
14 One could see from table 1 that the sum of all left-and right-chiral charges for ψ and χ vanishes for
ei. If we also set this sum to be zero, as expected from the requirement of gauge-gravity anomaly cancellation for an Abelian group, we can recast eq. (4.6) as q2 = 
with c
representing appropriate charges shown in the table 1. This, as discussed already, is crucial since a mixing between X and V , in the presence of a kinetic mixing between V, Z, can trigger a subsequent mixing between X and Z, such that X can decay into the SM fermions and thereby, the stability of the DM gets spoiled.
We show in detail later in appendix B that when eq. (4.6) is satisfied, it appears feasible to construct an anomaly free theory where the following effective operator emerges after integrating out heavy fermionic degrees of freedom from the triangular loops:
where θ X , θ V are Stueckelberg axions of the U (1) X , U (1) V groups and .8) is invariant under the following gauge transformations:
with α X and α V as the transformation parameters. The same equation, after considering unitary gauge, leads to the following operator as introduced earlier in eq. (2.1): One can define an effective charge Q 3 ≡ q 1 (e 2 2 − e 2 1 ) to get a simple relation: Note that the CS coupling α CS has no explicit dependence on the BSM fermion mass, i.e., it seems to remain finite as m F , the relevant heavy fermion mass, −→ ∞ and thereby, resembles a non-decoupling effect. This is a consequence of the assumption λ X , λ V y F g X , g V , as considered earlier, which makes α CS independent of m F as long as m F m X , m Z such that the adopted effective approach remains justified for an energy scale E below the mass of the "lightest" BSM fermion of the theory. The parameter β CS (see eq. (3.2)), on the contrary, vanishes as the associated BSM fermion masses −→ ∞, as expected according to the decoupling effect.
One should further note that as the effective charge Q includes the gauge couplings in its definition, Q ∼ O(1) implies either g X ∼ g V ∼ O(1) or a large multiplicity of the BSM fermions having gauge charges ∼ O(1). However, as mentioned previously, the aforementioned theoretical construction relies on the assumption of λ X , λ V g X , g V which, for g X , g V ∼ O(1), hints towards a strongly coupled theory. In this regime one would encounter several theoretical issues like the vacuum instability, etc. which might spoil viability of the effective approach. Further discussions of such issues are beyond the theme of this paper and we note in passing that from the view point of a radiative origin, α CS ∼ O(1) is unnatural. The kinetic mixing parameter δ (see eq. (2.1)), as already stated in the beginning of this section, can get generated at the loop level from two sets of the BSM fermions (preferably vector-like to avoid new anomalies in a trivial way) charged under the SM U (1) Y and BSM U (1) V groups and having masses M y and M v , respectively. The parameter δ is then estimated 
Summary and conclusions
In this article we scrutinized experimental viability and theoretical consistency of the WIMP DM models comprised of an Abelian vectorial DM X µ and an Abelian Z portal, coupled through a CS interaction. We studied two possibilities of connecting the Z with the SM: (1) via a kinetic mixing with the SM hypercharge field strength and, (2) another CS coupling with Z boson and field strength of the SM U (1) Y group. We successively addressed the DM and collider phenomenologies of these two scenarios. Regarding the DM phenomenologies we investigated the detection prospects of these two frameworks in the light of accommodating the correct relic density and sensitivity reaches of the various existing as well as anticipated upcoming DD and ID experiments. Concerning collider probes we examined the observational aspects of these models from the view point of dijet, dilepton resonances and mono-X searches using the 13 TeV LHC data. Further, we also studied the viable ranges of the associated parameters focusing on the possible theoretical and/or "well-measured" experimental constraints, mainly for the kinetic mixing scenario, arising from the EWPT, ρ-parameter, Z-mass, total and invisible Z-decay widths, etc. Finally, we also explored possible origins of a kinetic mixing term and a CS interaction term, arising via a set of heavy BSM fermions running in the triangle loops, from the standpoint of an UV complete theory. These fermions are charged under the new BSM gauge groups, connected with the Abelian DM and the Z , and possess non-trivial charges (or vector-like) with respect to the SM. We explained how a specific choice of the associated charges for these fermions can appear instrumental to acquire a CS coupling, a kinetic mixing term for Z-Z , an anomaly free model setup and the DM stability.
Given that X µ is the "only" DM candidate, one observes that the DM experimental detection/exclusion potentials (correct relic density and sensitivities towards DD, ID experiments), for the model with one CS coupling and a kinetic mixing, appear promising for m Z preferably below 1 TeV with m X ≥ m Z configuration, expect the pole region (i.e., 2m
. Such ranges for δ, α CS parameters as well as low m Z are noticed to be incompatible with the collider searches of heavy dilepton resonances and mono-X events. One can, of course, lower the value of parameter δ ∼ O(10 −3 ) to efface the existing collider constraints. Such values of δ would predict O(1) events even if one considers high-luminosity run of the LHC or future proton-proton colliders with higher centre-of-mass energies and thus, conceal the model from collider searches till a faraway future. As a quantitative example, to get ∼ O(10) events for TeV scale new physics, i.e., m Z = 1 TeV, from pp → Z → jj, l + l − processes at the 100 TeV proton-proton collider, assuming a "100%" detection efficiency, one would require 100 fb −1 of integrated luminosity to probe the δ = 10 −3 configuration. The situation is similarly disappointing concerning the DM phenomenology with such δ values, unless sensitivity reaches of the relevant DD, ID experiments are improved by several orders of magnitude and the idea of multi-component DM is invoked to account for the correct relic density. One should note that δ 10 −3 and hence, the resultant suppressed Z-Z mixing, can peacefully co-exist with the constraints of EWPT, ρ-parameter and the measured Z-boson mass and decay (total, invisible 15 ) widths. In a nutshell, we see that δ value in the ball park of 10 −3 appears experimentally unpleasant. Nevertheless, assigning a radiative origin to this coupling, involving heavy BSM fermions, δ O(10 −3 ) is the natural range that one would expect for the parameter δ, unless a high multiplicity of the associated BSM fermions is considered to raise this parameter (at least) by one order of magnitude that makes the chosen setup testable at the ongoing and upcoming experiments. For example, with δ = 0.01, a 1 TeV Z can produce ∼ O(10) "detectable" events in dijet/dilepton resonance searches itself at the 13 TeV LHC with about 100 fb −1 of integrated luminosity, even assuming a "10%" detection efficiency. A radiative origin for CS coupling α CS , from the perspective of an UV complete construction, also predicts a natural range for α CS as O(10 −3 ) whereas discovery/exclusion prospects, with the existing and near future experimental setups, favour α CS ∼ O(1). Such α CS values, along with a δ of similar order, can accommodate the correct relic density rather easily and can be probed/excluded form DD, ID and collider (via mono-X) searches. An O(1) value of α CS , just like the kinetic mixing parameter δ, is hard to explain with a radiative origin unless more families of the BSM fermions are included. Any such non-minimal constructions, i.e., large number of BSM fermions to increase δ and/or α CS value(s) or a multi-component DM to account for the correct relic density with "natural" δ values would reduce the model predictivity. Moreover, the underlying assumptions behind the UV complete construction of a CS coupling can easily lead to a strongly coupled theory where the validity of the adopted effective approach might seem questionable.
Experimental attainments of the second case study with two CS couplings are more contrived due to the absence of a tree-level mixing between the Z and the SM fermions, unlike the first case study with one CS coupling and a kinetic mixing. Missing tree-level couplings between Z and the SM fermions conceal this framework from constraints like the EWPT, ρ-parameter, precision Z physics, etc. which offer notable effects on the model parameter space for scenario-I. In this framework, DD prospects are missing at the tree-level and ID sensitivities remain orders of magnitude below the ongoing and upcoming experimental reaches. The requirement of the correct relic density, except the pole region, is possible for m X > m Z with α CS , β CS O(0.1) even at low m Z . This regime of the two CS coupling values is resourceful for a LHC detection, although the high-luminosity run appears to be the preferred choice. The collider discovery/exclusion potentials are primarily sensitive to β CS except when one considers invisible decay of the Z (i.e., mono-X searches) where α CS also enters in the analysis. The experimentally favoured ranges of the two CS coupling values, just like the kinetic mixing scenario, are hard to realize from their respective theoretical origins. The conclusion for α CS remains the same as of the kinetic mixing scenario, since it possesses the same radiative origin involving heavy BSM fermions from the standpoint of an UV complete construction. The origin of the second CS coupling β CS is also connected to the BSM fermions, however, in a more convoluted way that allows a vanishing value for β CS as the associated fermions masses get heavier and decouple from the low-energy theory. Further, by construction, in general one expects α CS > β CS which indicates natural range of β CS in the ballpark of 10 −4 . Thus, this scenario remains practically hidden from the collider searches, even considering the high-luminosity LHC or a 100 TeV proton-proton collider. The latter, being quantitative, would require a 1000 fb −1 of integrated luminosity to yield ∼ O(1) events for a 1 TeV Z with β CS = 10 −4 , assuming a "100%" detection efficiency. The requirement of the correct relic density also faces similar hindrance. The trick of pushing β CS values upwards by adding more BSM fermions is rather intricate compared to the kinetic mixing scenario.
The key outcomes of this study, based on the obtained results, give the following conclusions: (1) scenario-II with two CS couplings, both connected to some Abelian groups, would appear rather hard to probe experimentally even in the near future experiments if one sticks to a theoretically "well-behaved" construction. Moving to a setup where the second CS coupling is connected to some non-Abelian groups, for example, bridging an Abelian Z with gluons, one can efface such limitations and the concerned scenario could produce detectable signals at the DM and the collider experiments. (2) Phenomenological viability of scenario-I with one CS coupling and a kinetic mixing, together with an UV complete model construction, also faces challenges to comply with the relevant experimental search sensitivities, however, in a lessened way. In particular, O(10 −3 ) δ O(10 −2 ) configuration with m Z around a TeV could be probed at the 14 TeV LHC with full luminosity as well as in high-luminosity LHC or in the next generation proton-proton colliders with increased centre-of-mass energies. The DD, ID prospects, with naturally preferred α CS values, however, still remain well beyond the reaches of the next generation experiments although the requirement of the correct relic density can be accounted for by adding other DM candidates.
A Decay widths of the Z boson
A.1 Kinetic mixing scenario
where n c denotes the colour factor, equals to 3 for quarks and 1 for leptons.
are the axial and vector couplings respectively.
A.2 Two Chern-Simons couplings scenario
B Computation of the Chern-Simons coupling
In this section of the appendix we show how to derive an effective Lagrangian from a UV complete model framework, as considered in this work. To achieve this goal, we review computations performed in ref. [50] of potential anomalous diagrams of the theory which involve three external gauge bosons or axions, interacting through a triangular loop of massive fermions. We can classify the possible diagrams in three categories: (1) diagrams without any mass insertions. Such diagrams are linearly divergent and proportional to the usual anomaly trace [156, 157] (see ref. [158] also for an overview). (2) Diagrams involving three gauge bosons with two mass insertions which give a finite result. They are connected to the so-called "CS" interaction (see, for example ref. [50] ) and, (3) diagrams involving axions and two gauge bosons with one mass insertion. Just like the former class of diagrams, these diagrams are also finite. We will consider examples where the incoming state for the triangle loop diagrams with heavy fermions is either a gauge boson A µ i ( k 3 ) or an axion θ i while two outgoing states are two gauge fields, denoted as A ρ k ( k 2 ) and A ν j ( k 1 ), respectively. After evaluating these loop diagrams, we also compute the gauge transformations of the effective Lagrangian to ensure an anomaly free setup. Figure 8 . Possible set of diagrams for triangular loops of heavy BSM fermions giving rise to an effective CS interaction. Here '×' denotes a mass insertion and the arrows represent the direction of fermion flow. Directions of the momentum, i.e., p, p ± k 1 , p ∓ k 2 , etc. are opposite to the fermion flow.
B.1 Diagrams with two mass insertions: "Chern-Simons" contribution
We initiate our analysis for diagrams having gauge fields in the three external legs and two mass insertions, which is equivalent to have two chirality flips for each diagram. Thus, we can chose one dominant chirality over the remaining two others in the fermionic loop and have three possibilities to place the mass insertions for each dominant chirality. Further, considering the fact that we can contract the external legs of the outgoing gauge fields in two different ways, we end up with twelve diagrams as shown in figure 8 . For a systematic analysis we start with the following Lagrangian:
where F = F L + F R are the BSM heavy fermions running in the triangle loops with Q a L , Q a R as the relevant gauge charges associated with A a µ field for the left-and right-chiral BSM fermions, respectively.
We can write contributions of the twelve diagrams without contractions on any external legs as an integral over the momentum p as:
where Γ µνρ , after integrating out heavy fermionic degrees of freedom, can be expanded in the powers of external momentums to achieve the low-energy effective Lagrangian. The expansion goes as:
Now from figure 8 it is apparent that Γ µνρ (p, k 1 , k 2 ) can be decomposed as a product of the two terms, i.e., Γ µνρ (p, k 1 , k 2 ) = Π · TR µνρ where TR µνρ includes possible couplings and traces over gamma matrices while Π is defined in the following way:
for diagrams like x.1 with x=1,2,...,6, 
The contributions from denominators Π are shown in eq. (B.4) while trace contributions TR µνρ from the twelve diagrams are: 
where we used the known expressions for different momentum integrals over p (see ref. [159] for example) and k 1 +k 2 = k 3 . In a similar way the contributions from all the twelve diagrams of figure 8 can be grouped as shown in 
The same factorization can be done for k 2 and k 1 to produce the following effective Lagrangian :
where summation over all the possible combinations of the gauge fields is implied.
B.2 Diagrams with axions
The diagrams involving an axion field θ i include only one mass insertion since vertices with two fermionic legs and an axion field flips the chirality, as evidenced from the following Lagrangian: Figure 9 . Possible set of diagrams for triangular loops of heavy BSM fermions with an external axion field. Here '×' denotes a mass insertion and the arrows represent the direction of fermion flow. Directions of the momentum, i.e., p, p ± k 1 , p ∓ k 2 , etc. are opposite to the fermion flow.
where y F is the associated Yukawa coupling. For the chosen Lagrangian we have three possible ways to place a mass insertion on the fermionic propagators and two different ways to connect the external lines with the vertices, giving a total of six diagrams as shown in figure 9 . Once again, like the CS case (see eq. (B.2)), we can write the sum over the six diagrams without contractions on the external legs as an integral over the momentum p as:
where Γ νρ (p, k 1 , k 2 ) is decomposed as Π · TR νρ with Π as already defined in eq. (B.4) and the trace factors TR νρ written as: 12) with proper mass insertion. Now if we consider expansion of Γ νρ (p, k 1 , k 2 ) in powers of the external momentums k 1 , k 2 , just like the already studied CS scenario, the zeroth and linear order terms of the expansion vanish. This happens as the former is proportional to k i while the latter yields contributions ∝ p and thus, disappears after performing d 4 p over an odd function. The leading contribution thus, comes from the second order. Considering a CP invariant UV complete theory, we keep only the CP-odd contribution in Γ νρ (p, k 1 , k 2 ) since axions are CPodd fields. With this approach one can compute the detail expressions for all the six diagrams Diagrams Contribution to Γ νρ Table 3 . Final contributions of the 6 diagrams of figure 9 .
of figure 9 , for example, for the diagram (3.1) one gets: 13) where in the last step we have used the known momentum integral as of ref. [159] as well as m = y F v i with v i being the VEV of the scalar field giving masses to the BSM fermions F and the gauge field A µ i . In a similar way the contributions from all the six diagrams of figure  9 can be evaluated as tabulated in table B.2.
Summing all the 6 contributions from table B.2 yields : 14) which finally produce the following effective Lagrangian:
where, once again summation over all the possible combinations of the gauge fields is implied.
B.3 Anomaly cancellation
In the last two subsections we discussed about the three different anomalous contributions, namely, (1) diagrams without any chirality flip which are linearly divergent and giving contributions proportional to the anomaly traces. (2) Diagrams with one chirality flip involving an axion field that are finite and, (3) the so-called "CS" contributions which are finite and invoke two chirality flips. In this subsection we show that gauge transformation of the effective CS and axion Lagrangians (see eq. (B.9) and eq. (B.15)) is proportional to the "usual" anomaly trace. Hence, a vanishing anomaly trace, with appropriate distribution of the charges of BSM fermions, assures an anomaly free theory construction. Given the following gauge transformations of an axion field θ i and a gauge field A µ i : 16) where α i is the parameter of gauge transformation, the variation of the effective CS Lagrangian (see eq. (B.9)) becomes:
where we have used the advantages of integrating by parts as well as Bianchi identity and included all possible combinations of the i, j, k indices. The change in effective axion Lagrangian (see eq. (B.15)) is given by: 
It is now apparent from eq. (B.19) that gauge transformation of the total Lagrangian, i.e., axion and CS Lagrangians is proportional to the "usual" anomaly trace ). This is the scenario which we studied in this work. Recasting eq. (B.9) for the specific case of U (1) X × U (1) V , as considered in this work, one can generate
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